We examine the time evolution of the frequencies of the gravitational wave after the bounce within the framework of relativistic linear perturbation theory using the results of one dimensional numerical simulations of core-collapse supernovae. Protoneutron star models are constructed in such a way that the mass and radius of protoneutron star become equivalent to the results obtained from the numerical simulations. Then, we find that the frequencies of gravitational waves radiating from protoneutron stars strongly depend on the mass and radius of protoneutron stars, but almost independently of the profiles of electron fraction and entropy per baryon inside the star. Additionally, we find that the frequencies of gravitational waves can be characterized by the square root of the average density of protoneutron star irrespectively the progenitor models, which are completely different from the empirical formula for cold neutron stars. The dependence of the spectra on the mass and radius is different from that of the g-mode: the oscillations around the surface of protoneutron stars due to the convection and the standing accretion-shock instability. Careful observations of the these modes of gravitational waves can determine the evolution of the mass and radius of protoneutron stars after core-bounce. Furthermore, the expected frequencies of gravitational waves are around a few hundred hertz in the early stage after bounce, which must be a good candidate for the ground-based gravitational wave detectors.
I. INTRODUCTION
At the last moment of life of massive stars, neutron stars could be born in conjunction with supernova explosions. Neutron stars can realize extreme circumstances [1] . The density inside a neutron star becomes easily over the nuclear saturation density. The magnetic and gravitational fields around/inside a neutron star are quite strong. Thus, neutron stars are good candidates to probe the physics under such extreme conditions. In practice, observations of neutron stars itself and/or of phenomena associated with compact objects would enable us to obtain an imprint of properties, which are difficult to provide on the Earth. For example, the discoveries of 2M ⊙ neutron stars exclude some of soft equations of state (EOS) for neutron star matter [2, 3] . As another possibility, asteroseismology must be a powerful technique to extract the interior information of neutron stars via the observations of stellar oscillations, which are the same as seismology on the Earth and helioseismology on the Sun. Up to now, it has been suggested that one might get the information about the stellar mass, radius, EOS, and magnetic properties of compact objects through the oscillation spectra of gravitational waves (e.g., [4] [5] [6] [7] [8] [9] [10] ). Furthermore, after the discoveries of the quasi-periodic oscillations in the afterglow of giant flares observed from soft-gamma repeaters (see Ref. [11] for a review), several attempts have been done especially to extract the EOS parameters by identifying the observed quasi-periodic oscillations with the crustal torsional oscillations [12] [13] [14] [15] [16] [17] .
However, these examinations with the asteroseismological approach are almost restricted on the cases for cold neutron stars. That is, there are very few attempts for the protoneutron stars (PNSs) produced just after supernovae from the asteroseismological point of view. The EOS for supernova matter, where one has to consider the dependences of electron fraction and entropy, is quite different from that of neutron star matter, which is constructed under the beta equilibrium conditions. Therefore, one might obtain different aspects of EOS from the observations of oscillation spectra radiated from the PNSs. In fact, it has been pointed out that the oscillation properties of PNSs are quite different from those of cold neutron stars [18] , which is based on the models of isolated PNSs without mass accretion from the outer layer of the progenitors [19, 20] .
To hear the last voice of the massive stars, the next-generation gravitational wave detectors will be online in the coming years [21] [22] [23] . The prediction of the gravitational wave from the next galactic supernova should be urgent task in order not to miss it [24] [25] [26] [27] [28] . Recently numerical studies of core-collapse supernovae become highly sophisticated (see [29] [30] [31] [32] [33] for reviews). With the multidimensional simulations, the imprint of the PNS oscillations have been found, which could be associated with the convection in the region around the surface of PNS [34] [35] [36] [37] . Different from well-studied gravitational waves from rotational core-bounce that should be rare event [38] [39] [40] [41] [42] [43] [44] [45] [46] , this gravitational waves is emitted from ordinary non-rotating or slowly rotating PNS that should be majority of the remnants of core-collapse supernovae [47] .
These oscillations correspond to the so-called g-modes, which is the specific oscillations with the restoring force due to the buoyancy. According to the literature [34] [35] [36] [37] , the spectra of such g-modes oscillations from the PNSs are characterized with the properties of ∼ M PNS /R 2 PNS , where M PNS and R PNS denote the mass and radius of PNSs. Meanwhile, perturbative approaches might be better to extract the information of stellar oscillations rather than the direct numerical simulations. In the perturbative approaches, one can easily identify the physical background from the numerical calculations. Additionally, one can numerically calculate with high resolution owing to the low computational cost. So, we will consider to extract the oscillation information by using the perturbative approaches.
In this paper, we systematically examine the oscillation spectra of the PNSs with the relativistic Cowling approximation, where the metric is fixed during the stellar oscillations. For this purpose, the PNS models are constructed with the assumption that the PNSs are hydrostatic at each time step. The stellar mass and radius for each time step are determined from the fitting formula derived with the results of the stellar mass and radius by one dimensional (1D) numerical simulations of supernova, where the function forms of fitting is adopted the same as in Ref. [48] . The distributions of the entropy per baryon and electron fraction inside the PNSs are reproduced to mimic the results of 1D simulations of ours and those obtained in Ref. [49] . On such PNS models, we solve the eigenvalue problems to determine the oscillation spectra at each time step after the bounce in core-collapse supernova. We adopt geometric units, c = G = 1, where c and G denote the speed of light and the gravitational constant, respectively, and the metric signature is (−, +, +, +) in this paper.
II. PROTONEUTRON STAR MODELS
We make models of PNS by two steps. First we have performed 1D time-dependent simulations of core-collapse supernovae and determine the mass and radius of PNS as a function of the time. After that we solve general relativistic hydrostatic equation using the mass and radius obtained by the simulation at given post bounce time. The method for the time-dependent simulation is described in Section II A and the method to solve the hydrostatic structure is provided in Section II B. We remark that the numerical simulation for determining the radius and mass of PNS is done in Newtonian, while the PNS models to examine the frequencies of gravitational waves are constructed in general relativity as mentioned below. Thus, the radius of PNS might be overestimated, because the PNS model in general relativity could become more compact than that in Newtonian.
In this paper, we especially adopt the EOS proposed by Lattimer and Swesty [50] (the so-called LS220) and by Shen [51] . LS220 is based on the compressible liquid drop model with the incompressibility K 0 = 220 MeV and the slope of the symmetry energy at the saturation density L = 73.82 MeV. On the other hand, Shen EOS is based on the relativistic mean field theory with the TM1 nuclear interaction, where K 0 = 281 MeV and L = 114 MeV. Using a model of 15M ⊙ progenitor [52] , we discuss how EOS affects the evolution of PNS.
Additionally, in order to examine the dependence of the progenitor mass, M pro , we also adopt M pro /M ⊙ = 11.2, 27, and 40 [53] with LS220. Hereafter, we consider the stellar model with M pro /M ⊙ = 15 constructed with LS220 as a typical model in this paper (we refer to this model as LS220M15.0), which is compared with the other models.
A. 1D Simulations of Core-Collapse Supernovae
First, we briefly show the setup and results of 1D simulations of core-collapse supernovae. The mass and radius of PNS calculated in the simulation are used to construct a model of PNS at given post bounce time. The simulations are performed with elaborate neutrino radiation hydrodynamics code based on our previous work [54, 55] . The code combines hydrodynamics solver of high-resolution shock capturing scheme with approximate Riemann solver of HLLE [56] with neutrino transport solver that employ the isotropic diffusion source approximation (IDSA) [57] . Our spatial grids has a finest mesh spacing, dr min = 0.25km, at the center and covers up to 5000km with 512 non equidistant radial zones. The gravitational potential is calculated by Newtonian mono-pole approximation.
In the part of neutrino transport, we solve energy dependent moment equations of neutrinos for each neutrino energy, where 20 energy bins are employed to span 0 -300 MeV. In this study, we slightly developed our code to treat all flavors of neutrino in the framework of IDSA scheme. The neutrino input physics are based on Bruenn (1985) [58] . The reaction considered in this study is tabulated in Table I . Detail of the implementation is given at the forthcoming paper.
Next we will show the overview of the results. The set of 15 M ⊙ progenitor of WW95 [52] and LS220 is widely used and well-tested in the context of supernova simulations. We select it to explain typical dynamics of the core-collapse and evolution of PNS. The evolution of the shock and mass-shells are shown in Fig.1 . The progenitor needs 175 ms to reach core-bounce. At the core-bounce, the central value of Y e and Y l becomes 0.285 and 0.34, respectively, where Y e and Y l are electron and lepton fractions. The expansion of the shock front continues till 50 ms after bounce and the shock stalls at 140 km. Our results shown above are roughly consistent with the feature of the previous work [63] .
The shock does not revive in spite of the presence of the neutrino heating, since this is pure 1D simulation without employing the effect of the convection and other phenomenological enhancements of the neutrino heating. It should be noted that our purpose of the simulation is to follow the evolution of PNS in the early stage, i.e., just 1 second after bounce. Whether the shock revival happens or not is less important.
To describe PNS models, the information of the mass and radius of PNS is important. Fitting the numerical data with 1D simulation to the functional form proposed in Ref. [48] , we can get the fitting formula expressing the evolution of the PNS radius as
where R i and R f are the radii of the PNSs at t = 0 and ∞, while τ denotes a typical time-scale for the evolution of the PNS in msec. We remark that t = 0 refers to the time of bounce. In addition, we also obtain the fitting formula of the evolution of the PNS mass as
We note that t in Eqs. (1) and (2) is in the unit of msec. The fitting parameters in Eqs. (1) and (2) for various stellar models are shown in Tables II, where the radius of PNS corresponds to the position that the density becomes 10 12 g/cm 3 , although the radius of PNS was sometimes considered to be the position that the density becomes 10 11 g/cm 3 . This point will be mentioned 4 100 200 300 400 500 600 700 800 1.0 again where we show Fig. 4 . For reference, we show the time evolution of mass and radius of PNSs for M pro = 15M ⊙ and LS220, and its fitting in Fig. 2 , where two lines correspond to the PNSs for the surface density with 10 11 and 10 12 g/cm 3 . 
B. Modeling the Protoneutron Stars
In order to mimic the structure of PNSs, we consider spherically symmetric objects, which are assumed to be hydrostatic in each moment of the evolution of PNSs. That is, PNS models in time are prepared in such a way that the masses and radii of a particular hydrostatic model are given by snapshots from the corresponding 1D hydrodynamic simulation. In fact, this might be a reasonable assumption as a first step, because the radial velocity of matter inside the PNS is sufficiently small. The metric describing the spherically symmetric objects is given by
where Φ and Λ are the metric functions with respect to the radial coordinate r, and Λ is associated with the mass function m(r), such as e −2Λ = 1 − 2m(r)/r. The stellar models can be constructed by integrating the well-known Tolman-OppenheimerVolkoff equation together with the appropriate EOS. Unlike the case of cold neutron stars, where the stellar structure is determined under the beta equilibrium, to construct PNS models, one has to consider the distributions of entropy per baryon, s, and of Y e inside the star. For example, in Fig. 3 , we show the mass-radius relation constructed with LS220 EOS for constant values of s and Y e inside the star, where s is fixed to be s = 1.5 (k B /baryon), while Y e is chosen to be Y e = 0.01, 0.1, 0.2, and 0.3. From this figure, one can observe that the stellar radius for the fixed stellar mass increases with Y e . In any case, one has to prepare the distributions of s and Y e for constructing PNS models.
For this purpose, we check the distributions of s and Y e obtained from the 1D simulation mentioned in Sec. II A. In Fig. 4 , we show the Y e and s distributions at 100, 200, and 500 msec after bounce as a function of mass coordinate normalized by mass of PNSs [64] , where the PNS surface is determined as the position that the density becomes 10 12 g/cm 3 . From this figure, one can see that Y e is roughly a linear function with negative slope, while s is more complicated. To mimic these distributions, as shown in Fig. 5 , Y e and s inside a PNS are simply assumed as
wherem ≡ m/M PNS , while s m is a constant for each time step. s 0 also depends on time, where we adopt the values of s 0 obtained from the 1D simulation at each time step. We remark that the profiles of Y e and s dramatically change in the density region between ∼ 10 11 and 10 12 g/cm 3 , where the values of Y e and s abruptly increase. Then, the region for ρ ≃ 10 11 − 10 12 g/cm 3 would relatively be dilute, compared to the region for ρ > ∼ 10 12 g/cm 3 . So, to avoid such region, we choose the PNS surface is the position where the density becomes 10 12 g/cm 3 in this paper. On the other hand, the distributions of Y e and s seem to be different from the results obtained by Roberts [49] (Fig. 1 in  his paper) , where he did 1D simulation of long-term evolution (for the first minute) of PNSs after bounce in general relativistic framework. In order to examine how oscillation frequencies of PNSs depend on the distributions of Y e and s, we also consider an imitation inspired by the results of Roberts. That is, as shown in Fig. 6 , Y e and s distributions inside a PNS are expressed as
where s m is a constant for each time step, but could be different from the values determined in Eq. (5). [49] . The distributions are expressed as Eqs. (6) and (7). In the right panel, t1 and t2 are evolution time, where t1 < t2.
In both the combinations of (Y e , s) mentioned above, there is one unknown parameter, s m , while one has to choose a central energy-density, ε c , to construct a PNS model. These two unknown values of s m and ε c are determined in such a way that the mass and radius of PNS constructed with s m and ε c should be equivalent to the given values of them for each time step, which are provided by Eqs. (1) and (2) . In practice, for the case of M pro = 15M ⊙ and LS220, the values of s m and ε c obtained with the combination of (Y e , s) given as in Figs. 5 and 6 are respectively shown as a function of time after bounce in left and right panels in Fig. 7 . In left panel, we also show the the value of s 0 , which is numerically obtained from the1D simulation. From this figure, one observes that the evolution of s m and ε c can strongly depend on the distributions of Y e and s inside PNSs even for the same mass and radius of the PNS.
III. EVOLUTION OF OSCILLATION SPECTRA
In order to examine oscillation spectra of PNSs, as a fist step, we adopt the relativistic Cowling approximation, where metric perturbations are neglected during stellar oscillations, i.e., δg µν = 0. In addition, for simplicity, we neglect an entropy variation in this paper, although one should generally consider it for the oscillations of PNSs. This is because the thermal energy (not entire internal energy) is still much smaller than the gravitational energy [65] , even though the temperature of PNS is around a few tens of MeV [49] . On these assumptions, we consider polar type oscillations, which are strongly associated with the gravitational radiations, because the polar type oscillations involve density variations.
Considering polar parity oscillations of PNSs, the Lagrangian displacement vector of the fluid element is expressed as
where W and V are functions with respect to t and r, while Y ℓm denotes the spherical harmonics function with the azimuthal quantum number ℓ and the magnetic quantum number m. So, the perturbed four velocity becomes Then, one can derive the perturbation equations expressing the fluid oscillations by linearizing the energy-momentum conservation law, i.e., δ(∇ ν T µν ) = 0, which reduces to ∇ ν δT µν = 0 with the Cowling approximation. The explicit form of perturbation equations is written as
which correspond to ∇ ν δT µν = 0 for µ = r and θ, respectively. In these equations, the dot and prime on the variables denote the partial derivatives with respect to t and r, respectively, while γ is the adiabatic index defined as
The above perturbation equations can be simplified more by calculating the form [Eq. (10)]+∂ r [Eq. (11) ], which leads to
From this equation, by removing the term of W ′ with Eq. (11), one can obtain the simple equation, such as
Finally, assuming a harmonic dependence on time, such as W (t, r) = W (r)e iωt and V (t, r) = V (r)e iωt , from Eqs. (11) and (14), the perturbation equations can be written as
Imposing appropriate boundary conditions, the problem to solve reduces to the eigenvalue problem with respect to the eigenvalue ω. In this paper, we adopt the same boundary conditions as for determining the oscillation spectra of cold neutron stars [8] . That is, we impose the regularity condition at the stellar center and the condition that the Lagrangian perturbation of pressure should be zero at the surface of PNSs. From the regularity condition at r = 0, the variables can be expressed as W (r) = αr ℓ+1 + O(r ℓ+3 ) and V (r) = −αr ℓ /ℓ + O(r ℓ+2 ) in the vicinity of the stellar center, where α is an arbitrary constant. On the other hand, the boundary condition at the surface of PNS is given by [8] 
We remark that the boundary condition adopted at the surface of PNSs might be inappropriate, since the matter still exists outside the PNSs. However, the density at the surface of PNSs abruptly drops down and the density outside the PNSs must be much smaller than that inside the PNSs. Thus, we believe that frequencies of PNSs could be qualitatively examined well even with such a boundary condition at the surface. First, in Fig. 8 , we show the time evolutions of frequencies of f -, p 1 -, and p 2 -modes for the PNS model with M pro = 15M ⊙ and LS220, where the solid and broken lines correspond to the frequencies obtained with the (Y e , s) distributions inside the star shown in Figs. 5 and 6, respectively. From this figure, we can find that the dependence of the frequencies on the (Y e , s) distributions seems to be weak. On the other hand, since the dependence of the frequencies on time comes from the different stellar mass and radius of PNS model for each time step as shown in Fig. 2 , the frequencies depend strongly on the PNS mass and radius. In order to clarify such a dependence, the f -mode frequency is shown as a function of the PNS mass and radius in Fig. 9 with the different (Y e , s) distributions inside the star. We remark that the frequencies of f -mode oscillations are predicted around a few hundred of hertz at the early stage after bounce, which could be very good signal for ground-based gravitational wave detectors.
In addition, since the f -, p 1 -, and p 2 -modes oscillations are acoustic waves, at least for cold neutron stars, it is known that the frequencies of such oscillations can be characterized by the square root of the average density of the star, which is defined as (M/R 3 ) 1/2 with mass (M ) and radius (R) of cold neutron stars [5] . In fact, in Ref. [5] , they found that the f -mode frequencies can be expressed as
which is almost independent from the EOS with which the neutron star model is constructed. So, we check the frequencies for the case of the PNSs. In Fig. 10 , for the PNS model with M pro = 15M ⊙ and LS220, we show the frequencies of f -, p 1 -, and p 2 -modes as a function of the normalized square root of the average density, which is defined as
Then, we find that the frequencies of f -, p 1 -, and p 2 -modes are proportional to the square root of the average density even for PNSs. We remark that, since PNS models become massive with small radius with time as shown in Fig. 2 , the PNS whose square root of the average density is high corresponds to the PNS model with time. Furthermore, in the left panel of Fig. 10 , we also plot the f -mode frequencies expected for cold neutron stars, which are calculated with Eq. (18), with the dotted line. From this panel, one can see that the f -mode frequencies for cold neutron stars obviously deviate from those for PNSs. In particular, such a deviation in f -mode frequencies becomes significantly for the stellar model with low square root of the average density. This deviation could come from the evidence that the stellar structure of PNS is different from that of cold neutron star, where the EOS for constructing the stellar model is different from each other.
We also examine the frequencies of f -, p 1 -, and p 2 -modes for the various progenitor models of PNSs shown in Table II . We remark that we stop the calculations at 940 msec for the PNS constructed with M pro = 40.0M ⊙ for LS220 EOS, because the PNS mass becomes more than the maximum mass expected with LS220 around 950 msec. Then, the obtained frequencies of f -, p 1 , and p 2 -modes for the various progenitor models are shown in Fig. 11 , where the frequencies are calculated with the (Y e , s) distributions inside the star as in Fig. 6 . In this figure, LS220M11.2, LS220M15.0, LS220M27.0, and LS220M40.0 correspond to the results obtained with the progenitor models with M pro = 11.2M ⊙ , 15.0M ⊙ , 27.0M ⊙ , and 40.0M ⊙ for LS220 EOS, respectively, while ShenM15.0 is the results obtained with the progenitor model with M pro = 15.0M ⊙ for Shen EOS. From this figure, one can observe that the frequencies of PNSs are almost on the same line as a function of the square root of the average density of PNS, i.e., the frequencies are almost independent from the progenitor models. Thus, we can get an universal relation between the frequencies from the PNSs and the square root of the average density of PNSs, such as
where i denotes f , p 1 , and p 2 for f -, p 1 , and p 2 -modes, and c 0 i and c 1 i are some constants irrespective of the progenitor models of PNSs. The coefficients in this relation are shown in Table III and the universal relations obtained here are also plotted in Fig. 11 with thick solid line. Additionally, the relative deviation of the eigen-frequencies for the PNS models constructed with various progenitor models from the expectation with Eq. (19) are shown in Fig. 12 . The relative deviation ∆ i is calculated by
where f (PNS) i and f i are the frequencies given by Eq. (19) and those obtained by numerical calculation for each PNS model with various progenitor model. From this figure, one can see that the relative deviation from the universal relation becomes larger for higher overtones.
With respect to the characteristic gravitational waves radiating after bounce of core-collapse supernovae, the evidence of signal due to the convection and the standing accretion-shock instability has also been reported [35, 36, [66] [67] [68] , which is associated with the g-mode oscillations around (and above) the surface of PNSs. In fact, the frequencies can be well-expressed by using the radius and mass of PNSs as . The left, middle, and right panels correspond to the relative deviation for f -, p1-, and p2-modes. In figure, the meaning of lines is the same as in Fig. 11. where m n and Eν e denote the neutron mass and the mean energy of electron anti-neutrinos [35] . That is, the frequencies essentially depend on M PNS /R 2 PNS , which is completely different from the f -mode frequencies depending on (M PNS /R as shown above. Thus, carefully observing the frequencies of gravitational waves radiating from the PNSs in supernovae, one might be possible to determine the mass and radius of PNSs via Eqs. (19) and (21) [69] . For example, one might observe the time evolution of gravitational wave spectra from the PNS for M pro = 15M ⊙ and LS220, as shown in Fig. 13 . We remark that, to calculate the g-mode frequencies with Eq. (21), we adopt the Eν e distribution given by Eν e = 3t/400 + 13 (0 ≤ t ≤ 400 msec) 16 (400 msec ≤ t) ,
which is an imitation of Fig. 1 in Ref. [70] , and the radius and mass of PNS are determined so that the surface density sets to be 10 11 g/cm 3 as in Ref. [35] . 
IV. CONCLUSION
In this paper, we consider the time evolution of the gravitational wave spectra radiating from the PNSs after bounce in corecollapse supernova. For this purpose, we construct PNS models in such a way that the mass and radius obtained from the 1D simulation are mimicked under the assumption that the PNS models are hydrostatic on each time step. On such PNS models, we calculate the eigen frequencies by solving the eigenvalue problem within the relativistic linear analysis. Then, we find that the frequencies from the PNSs are almost independent from the distributions of electron fraction and of the entropy per baryon inside the stars. In addition, the frequencies can be characterized by the square root of the average density of PNSs, which are almost independent from the progenitor models. Eventually, we can derive the universal relation between the frequencies from PNSs and square root of the average density of PNSs. Since this relation is completely different from the empirical relation for the frequencies due to the convection and the standing accretion-shock instability around the surface of PNS, one might be possible to determine the mass and radius of PNS via careful observations of gravitational waves after core-collapse supernova. In this paper, as a first step, we construct PNS models with the 1D simulation of core-collapse supernovae within Newtonian theory. So, we will perform the similar analysis for the PNS models with higher dimension simulation and/or within relativistic framework in future.
